I. MOTIVATION AND INTRODUCTION TO MULTIPLE-INPUT MULTIPLE-OUTPUT (MIMO)-ORTHOGONAL FREQUENCY DIVISION MULTIPLEXING (OFDM) SYSTEMS
During the past decades, wireless communication has benefitted from substantial advances and it is considered as the key enabling technique of innovative future consumer products. For the sake of satisfying the requirements of various applications, significant technological achievements are required to ensure that wireless devices have appropriate architectures suitable for supporting a wide range of services delivered to the users.
In the foreseeable future, the large-scale deployment of wireless devices and the requirements of highbandwidth applications are expected to lead to tremendous new challenges in terms of the efficient exploitation of the achievable spectral resources. Among the existing air-interface techniques, orthogonal frequency division multiplexing (OFDM) [1] - [4] has shown a number of advantages and has attracted substantial interest. New wireless techniques, such as ultra wideband (UWB) [5] , advanced source and channel encoding as well as various smart antenna techniques, for example space-time codes (STCs) [6] , space division multiple access (SDMA) [1] and beamforming, as well as other multiple-input multipleoutput (MIMO) [7] , [8] wireless architectures are capable of offering substantial gains. Hence, researchers have focused their attention on the next generation of wireless broadband communications systems, which aim for delivering multimedia services requiring data rates beyond 2 Mbps. Undoubtedly, the support of such high data rates, while maintaining a high robustness against radio channel impairments requires further enhanced system architectures, which should aim for approaching the capacity of MIMO-aided systems communicating over the fading channels exemplified in Fig. 1 in the context of one or two transmit and one, two as well as six receivers, respectively. In a conceptually appealing, but somewhat simplistic manner, we may argue that the one-transmitter (1Tx) and one-receiver (1Rx) scenario is exposed to fading, since the vectorial sum of the multiple propagation paths may add constructively or destructively. By contrast, in case of the 2Tx and 6Rx scenario, for example, the chances are that at least one of the independently faded diversity-links benefits from the constructive interference of the received paths. To elaborate a little further, the achievable MIMO capacity [9] is exemplified for the specific scenario of 16-level quadrature amplitude modulation (QAM) transmissions over a twotransmitter, two-receiver MIMO system in Fig. 2 . It becomes explicit in Fig. 2 that a MIMO system designed for achieving the maximum diversity gainVi.e. robustness against transmission errorsVrequires a lower channel signal-to-noise-ratio (SNR) than its counterpart dedicated to attaining the maximum multiplexing gain, i.e., throughput, but naturally, the lower operating SNR is maintained at the cost of a lower bit/symbol throughput. The variable D in Fig. 2 indicates the number of dimensions exploited by the modulation scheme and D ¼ 2 corresponds to classic twodimensional QAM schemes.
In recent years various smart antenna designs have emerged, which have found application in diverse scenarios and the four most wide-spread MIMO types are briefly summarized in Table 1 . These four MIMO schemes were designed for achieving various design goals. The family of Spatial Division Multiplexing (SDM) [1] , [10] schemes aims for maximizing the attainable multiplexing gain, i.e., the throughput of a single user by exploiting the unique, antenna-specific channel impulse responses (CIRs) of the array elements. By contrast, SDMA arrangements [1] are close relatives of SDM schemes, but they maximise the number of users supported, as opposed to maximizing the throughput of a single user by sharing the total system a 512-subcarrier OFDM modem in the context of a single-transmitter single-receiver as well as for MIMO-aided two-transmitter systems using one, two and six receivers when communicating over an indoor wireless channel. The average channel SNR is 10 dB [6] .
throughput amongst the users supported. Alternatively, attaining the maximum possible diversity gain is the objective of the family of space-time block coding (STBC) [11] as well as space-time trellis coding (STTC) [12] schemes found in the literature [6] . In Fig. 1 the beneficial effects of second-order transmit and up to sixth-order receiver diversity was demonstrated in the context of STBC-aided MIMO-OFDM [13] , [14] , but space-time coding MIMOs will not be considered further in this treatise. Finally, beamforming mitigates the effects of interfering users roaming in the vicinity of the desired user [15] , provided that their received signals are angularly separable, as demonstrated in Fig. 3 . Similarly to spacetime coding, beamforming MIMOs will not be detailed further in this treatise.
We commence by briefly introducing the basic concept of OFDM, as a means of dealing with the problems of the so-called frequency selective fading exemplified in Fig. 1 , when transmitting at a high rate, where the delayed and reflected radio paths impose intersymbol interference (ISI) on the neighboring bits. The fundamental principle of OFDM originates from Chang [16] , and over the years a multiplicity of researchers have investigated this 
Table 1 The Four Main Applications of MIMOs in Wireless Communications
Jiang and Hanzo: Multiuser MIMO-OFDM for Next-Generation Wireless Systems technique, as detailed in this paper. Despite its conceptual elegance, during its infancy the employment of OFDM has been mostly limited to military applications due to implementational difficulties. However, it has recently been adopted as the Digital Audio Broadcasting (DAB) [17] standard as well as the Digital Video Broadcasting (DVB) [18] , [19] and for a range of other high-rate applications, such as wireless local area networks (WLANs) [20] , as detailed below. These wide-ranging applications underline its significance as an alternative technique to conventional channel equalization [2] in order to combat signal dispersion.
In the OFDM scheme of Fig. 4 the serial data stream of a traffic channel is passed through a serial-to-parallel convertor, which splits the data-stream into K number of low-rate parallel subchannels. The data symbols of each subchannel are applied to a modulator, where there are K modulators whose carrier frequencies are f 0 ; f 1 ; . . . ; f K . The difference between adjacent channels is Áf and the overall bandwidth W of the K modulated carriers is KÁf . The substantial benefit of this approach is that the symbol duration of each of the K subchannels is extended by a factor of K, where K 1024 may be assumed and, hence, typically each subcarrier's signal is likely to remain unaffected by the multipath propagation. Hence, we can dispense with classic channel equalization [2] . These K modulated carriers are then combined to generate the OFDM signal. We may view the serial-to-parallel (SP) convertor, as applying every Kth symbol to a modulator. This has the effect of interleaving the symbols forwarded to each modulator; hence, symbols s 0 ; s K ; s 2K ; . . . , are applied to the modulator whose carrier frequency is f 0 . At the receiver the received OFDM signal is demultiplexed into K frequency bands, and the K modulated signals are demodulated. The baseband signals are then recombined using a parallel-to-serial (PS) convertor.
Again, the main advantage of the above OFDM concept is that because the symbol period has been increased, the channel's delay spread becomes a significantly shorter fraction of a symbol period than in the serial system, potentially rendering the system less sensitive to ISI than the conventional serial system. In other words, in the lowrate subchannels the signal is no longer subject to frequency-selective fading, hence, channel equalization may be avoided.
At first sight it may appear to be a disadvantage of the OFDM approach shown in Fig. 4 that an increased complexity is imposed in comparison to a conventional serial modem, since we are employing K modulators and Bsquare-root-Nyquist[ filters [2] at the transmitter and K demodulators and Bsquare-root-Nyquist[ filters at the receiver. However, each subchannel modulator is operated at a K-times lower symbol-rate and, hence, the system may be viewed as a Bparallelized low-speed implementation[ of a high-speed serial modem. As a further complexity mitigation technique, it may demonstrated mathematically [2] that this complexity can be further reduced by employing a fast Fourier transform (FFT)-based implementation, where a block of K subchannels' signal is modulated onto the subcarriers in a single step. This is indeed quite plausible, since the e jkf 0 t ðk ¼ 1; Á Á Á ; KÞ FFTkernels correspond to the subchannel modulators of Fig. 4 . The subchannel modems can use arbitrary modulation schemes and in recent years high-throughput QAM schemes have been favored. For a deeper tutorial exposure the interested reader is referred to [1] , [2] .
The organization of this paper is as follows. The portrayal of OFDM and its various applications from a historical perspective is provided in Section II. More specifically, Section II-A summarizes both the various international standards based on OFDM and the main research contributions to the OFDM literature, followed by a brief outline of MIMO-aided OFDM systems in Section II-B. Furthermore, in Sections III-A and B we point out the specific limitations of existing detection techniques and channel estimation approaches designed for multiuser MIMO OFDM systems, respectively. As a powerful tool proposed for finding near-optimum solutions to complex nonlinear optimization problems, genetic algorithms (GAs) [27] - [31] that were originally advocated by the evolutionary computing community have recently also been successfully exploited by the wireless communication community, bridging the interdisciplinary gap between the two historically distinct research communities. Aiming for providing efficient solutions to the problems stated in Section III, we highlight various GA-assisted techniques designed for multiuser MIMO OFDM in Sections IV-VI where numerous application examples are provided. Finally, our conclusions and a range of future research options are offered in Section VII.
II. HISTORIC BACKGROUND

A. Orthogonal Frequency Division Multiplexing
In recent years OFDM [1] - [4] has emerged as a promising air-interface technique. In the context of wired environments, OFDM techniques are also known as Discrete MultiTone (DMT) [32] transmissions and are employed in the American National Standards Institute's (ANSI) Asymmetric Digital Subscriber Line (ADSL) [33] , High-bit-rate Digital Subscriber Line (HDSL) [34] , and Very-high-speed Digital Subscriber Line (VDSL) [35] standards as well as in the European Telecommunication Standard Institute's (ETSI) [36] VDSL applications. In wireless scenarios, OFDM has been advocated by many European standards, such as Digital Audio Broadcasting (DAB) [17] , Digital Video Broadcasting for Terrestrial Television (DVB-T) [18] , Digital Video Broadcasting for Handheld Terminals (DVB-H) [19] , Wireless Local Area Networks (WLANs) [20] , and Broadband Radio Access Networks (BRANs) [37] . Furthermore, OFDM has been ratified as a standard or has been considered as a candidate standard by a number of standardization groups of the Institute of Electrical and Electronics Engineers (IEEE), such as the following.
IEEE 802.11a [38] : An extension to IEEE 802.11 [39] [42] : Defines wireless services operating in the 2-11 GHz band associated with wireless metropolitan area networks (WMANs), providing a communication link between a subscriber and a core network, e.g., the public telephone network and the Internet. The first OFDM schemes date back to the 1960s, which were proposed by Chang [16] and Saltzberg [43] . In the classic parallel data transmission systems [16] , [43] , the frequency-domain (FD) bandwidth is divided into a number of nonoverlapping subchannels, each of which hosts a specific carrier widely referred to as a subcarrier. While each subcarrier is separately modulated by a data symbol, the overall modulation operation across all the subchannels results in a frequency-multiplexed signal. Since the modulated signal's spectrum is multiplied by a rectangular window corresponding to the length of the time-domain (TD) OFDM symbol, the subcarriers have to be convolved with resultant FD sinc-function. Similarly to classic ISI-free orthogonal TD Nyquist-signalling, all of the sinc-shaped FD subchannel spectra exhibit zero-crossings at all of the surrounding subcarrier frequencies and, hence, the individual subchannel spectra are orthogonal to each other. This ensures that the subcarrier signals do not interfere with each other, when communicating over perfectly distortionless channels, as a consequence of their orthogonality [1] .
The early OFDM schemes [16] , [43] , [44] , [51] required banks of sinusoidal subcarrier generators and demodulators, which imposed a high implementation complexity. This drawback limited the application of OFDM to military systems until 1971, when Weinstein and Ebert [45] suggested that the discrete Fourier transform (DFT) can be used for the OFDM modulation and demodulation processes, which significantly reduces the implementation complexity of OFDM. Since then, more practical OFDM research has been carried out. For example, in the early 1980s Peled and Ruiz [52] proposed a simplified FD data transmission method using a cyclic prefix aided technique and exploited reducedcomplexity algorithms for achieving a significantly lower computational complexity than that of classic single-carrier time-domain QAM [2] modems. Around the same era, Keasler et al. [47] invented a high-speed OFDM modem for employment in switched networks, such as the telephone network. Hirosaki designed a subchannelbased equalizer for an orthogonally multiplexed QAM system in 1980 [46] and later introduced the DFT-based implementation of OFDM systems [53] , based on which a so-called groupband data modem was developed [54] . Cimini, Jr. [48] and Kalet [55] investigated the performance of OFDM modems in mobile communication channels. Furthermore, Alard and Lassalle [49] applied OFDM in digital broadcasting systems, which was the pioneering work of the European DAB standard [17] established in the mid-1990s. More recent advances in OFDM transmission were summarized in the state-of-theart books [1] , [3] , [56] as well as a number of overview papers [4] , [57] - [60] .
OFDM has some key advantages over other widely used wireless access techniques, such as time division multiple access (TDMA) [61] , frequency division multiple access (FDMA) [61] , and code division multiple access (CDMA) [25] , [62] - [65] . The main merit of OFDM is the fact that the radio channel is divided into many narrowband, low-rate, frequency-nonselective subchannels or subcarriers, so that multiple symbols can be transmitted in parallel, while maintaining a high spectral efficiency. Each subcarrier may also deliver information for a different user, resulting in a simple multiple access scheme known as orthogonal frequency division multiple access (OFDMA) [66] - [69] . This enables different media such as video, graphics, speech, text, or other data to be transmitted within the same radio link, depending on the specific types of services and their quality-of-service (QoS) requirements. Furthermore, in OFDM systems different modulation schemes can be employed for different subcarriers or even for different users. For example, the users close to the base station (BS) may have a relatively good channel quality; thus, they can use high-order modulation schemes to increase their data rates. By contrast, for those users that are far from the BS or are serviced in highly loaded urban areas, where the subcarriers' quality is expected to be poor, low-order modulation schemes can be invoked [70] .
Besides its implementational flexibility, the low complexity required in transmission and reception as well as the attainable high performance render OFDM a highly attractive candidate for high data-rate communications over time-varying frequency-selective radio channels. Incorporating channel coding techniques into OFDM systems, which results in Coded OFDM (COFDM) [71] , [72] , allows us to maintain robustness against frequency-selective fading channels, where busty errors are encountered at specific subcarriers in the FD. Additionally, when using a cyclic prefix [52] , OFDM exhibits a high resilience against the ISI introduced by multipath propagation.
As a summary of this section, we outline the milestones and the main contributions found in the OFDM literature in Tables 2-4. B. Multiple-Input Multiple-Output Assisted OFDM
1) The Benefits of MIMOs: High data-rate wireless communications have attracted significant interest and constitute a substantial research challenge in the context of the emerging WLANs and other indoor multimedia networks. Specifically, the employment of multiple antennas at both the transmitter and the receiver, which is widely referred to as the MIMO technique, constitutes a cost-effective approach to high-throughput wireless communications.
The concepts of MIMOs have been under development for many years for both wired and wireless systems. The earliest MIMO applications in wireless communications date back to the mid-1980s, when Winters [7] , [8] , [107] , [108] published a number of breakthrough contributions, where he introduced a technique of transmitting data from multiple users over the same frequency/ time channel using multiple antennas at both the transmitter and receiver ends. Sparked off by Winters' pioneering work [7] , Salz [109] investigated joint transmitter/ receiver optimization using the minimum mean square error (MMSE) criterion. Since then, Winters and others [110] - [116] have made further significant advances in the field of MIMOs. In 1996, Raleigh and Cioffi [117] and Foschini [10] proposed new approaches for improving the efficiency of MIMO systems, which inspired numerous further contributions [118] - [126] .
As a key building block of next-generation wireless communication systems, MIMOs are capable of supporting significantly higher data rates than the universal mobile telecommunications system (UMTS) and the high-speed downlink packet access (HSDPA)-based 3G networks [127] . As indicated by the terminology, a MIMO system employs multiple transmitter and receiver antennas for delivering parallel data streams, as illustrated in Fig. 5 . Since the information is transmitted through different paths, a MIMO system is capable of exploiting both transmitter and receiver diversity, hence maintaining reliable communications. Furthermore, with the advent of multiple antennas, it becomes possible to jointly process/combine the multiantenna signals and, thus, improves the system's integrity and/or throughput. Briefly, compared to single-input single-output (SISO) systems, the two most significant advantages of MIMO systems are as follows.
A significant increase of both the system's capacity and spectral efficiency. The capacity of a wireless link increases linearly with the minimum of the number of transmitter or the receiver antennas [117] , [118] . The data rate can be increased by spatial multiplexing without consuming more frequency resources and without increasing the total transmit power. Dramatic reduction of the effects of fading due to the increased diversity. This is particularly beneficial, when the different channels fade independently. A comprehensive overview of MIMO techniques covering channel models, performance limits, coding and transceiver designs can be found in [128] .
2) MIMO OFDM: The quality of a wireless link can be described by three basic parameters, namely the transmission rate, the transmission range and the transmission reliability. Conventionally, the transmission rate may be increased by reducing the transmission range and reliability. By contrast, the transmission range may be extended at the cost of a lower transmission rate and reliability, while the transmission reliability may be improved by reducing the transmission rate and range [129] . However, with the advent of MIMO assisted OFDM systems, the above-mentioned three parameters may be simultaneously improved [129] . Initial field tests of broadband wireless MIMO OFDM communication systems have shown that an increased capacity, coverage and reliability is achievable with the aid of MIMO techniques [130] . Furthermore, although MIMOs can potentially be combined with any modulation or multiple access technique, recent research suggests that the implementation of MIMO-aided OFDM is more efficient, as a benefit of the straightforward matrix algebra invoked for processing the MIMO OFDM signals [129] .
MIMO OFDM, which is claimed to be invented by Airgo Networks [131] , has formed the foundation of all candidate standards proposed for IEEE 802.11n [41] . In recent years, this topic has attracted substantial research efforts, addressing numerous aspects, such as system capacity [132] , [133] , space/time/frequency coding [134] - [138] , peak-to-average power ratio (PAPR) control [139] - [141] , channel estimation [142] - [144] , receiver design [145] - [148] , etc. Recently, Paulraj et al. [128] and Stüber et al. [149] provided compelling overviews of MIMO OFDM communications. Furthermore, Nortel Networks has developed a MIMO OFDM prototype [150] during late 2004, which demonstrates the superiority of MIMO OFDM over today's networks in terms of the achievable data rate. For the reader's convenience, we have summarized the major contributions on MIMO OFDM in Tables 5, 6 , and 7 at a glance. [202] - [204] based techniques have attracted substantial interest. As one of the most promising techniques aiming at solving the capacity problem of wireless communication systems, SDMA enables multiple users to simultaneously share the same bandwidth in different geographical locations. More specifically, the exploitation of the spatial dimension, namely the so-called spatial signature, makes it possible to identify the individual users, even when they are in the same time/frequency/code domains, thus increasing the system's capacity.
In Fig. 6 we illustrate the concept of SDMA systems. As shown in Fig. 6 , each user exploiting a single transmitter antenna aided mobile station (MS) simultaneously communicates with the BS equipped with an array of receiver antennas. Explicitly, SDMA can be considered as a specific branch of the family of MIMO systems, where the transmissions of the multiple transmitter antennas cannot be coordinated, simply because they belong to different users. Briefly speaking, the major advantages of SDMA techniques are as follows [205] .
Range extension: With the aid of antenna array, the coverage area of high-integrity reception can be significantly larger than that of any single-antenna aided systems. In a SDMA system, the number of cells required for covering a given geographic area can be substantially reduced. For example, a tenelement array offers a gain of ten, which typically doubles the radius of the cell and, hence, quadruples the coverage area. Multipath mitigation: Benefitting from the MIMO architecture, in SDMA systems the detrimental effects of multipath propagations are effectively mitigated. Furthermore, in specific scenarios the multipath phenomenon can even be exploited for enhancing the desired users' signals by employing efficient receiver diversity schemes. Capacity increase: Theoretically, SDMA can be incorporated into any existing multiple access standard at the cost of a limited increase in system complexity, while attaining a substantial increase in capacity. For instance, by applying SDMA to a conventional TDMA system, two or more users can share the same time slots, resulting in a doubled or higher overall system capacity.
Interference suppression: The interference imposed by other systems and by users in other cells can be significantly reduced by exploiting the desired user's unique, user-specific CIRs. Compatibility: SDMA is compatible with most of the existing modulation schemes, carrier frequencies and other specifications. Furthermore, it can be readily implemented using various array geometries and antenna types. The combination of SDMA and OFDM results in SDMA-OFDM systems [1] , [202] , [206] , [207] , which exploit the merits of both SDMA and OFDM, having attracted more and more interest [207] - [213] . Tables 8  and 9 summarize the main contributions on SDMA and SDMA-OFDM found in the open literature.
III. LIMITATION OF EXISTING DETECTION AND CHANNEL ESTIMATION TECHNIQUES DESIGNED FOR MULTIUSER MIMO OFDM
Undoubtedly, MIMO OFDM has demonstrated a high potential for employment in future high rate wireless communication systems [128] , [149] . However, the associated detection and channel estimation techniques found in the multiuser MIMO OFDM literature have various limitations. Fig. 7 illustrates the most popular multiuser detection (MUD) schemes proposed for MIMO OFDM systems throughout these years. Among the various MUDs, the classic linear least squares (LS) [1] , [268] and MMSE [1] , [146] , [268] MUDs exhibit a low complexity at the cost of a limited performance. By contrast, the high-complexity optimum maximum-likelihood (ML) MUD [1] , [202] , [207] , [268] is capable of achieving the best performance owing to invoking an exhaustive search, which imposes a computational complexity typically increasing exponentially with the number of simultaneous users supported by the MIMO OFDM system and, thus rendering its implementation prohibitive in high-user-load scenarios. In the literature, a range of suboptimal nonlinear MUDs have also been proposed, such as for example the MUDs based on successive interference cancellation (SIC) [1] , [202] , [268] or parallel interference cancellation (PIC) [1] , [268] techniques. Explicitly, instead of detecting and demodulating the users' signals in a sequential manner, as the LS and MMSE MUDs do, the PIC and SIC MUDs invoke an iterative processing technique that combines detection and demodulation. More specifically, the output signal generated during the previous detection iteration is demodulated and fed back to the input of the MUD for the next iterative detection step. Similar techniques invoking decision-feedback have been applied also in the context of classic channel equalization. However, since the philosophy of both the PIC and SIC MUDs is based on the principle of removing the effects of the interfering users during each detection stage, they are prone to error propagation occurring during the consecutive detection stages due to the erroneously detected signals of the previous stages [1] . In order to mitigate the effects of error propagation, an attractive design alternative is to simultaneously detect all the users' signals, rather than invoking iterative interference cancellation schemes. Recently, another family of multiuser detection schemes referred to as sphere decoders (SDs) [269] - [275] as well as their derivatives such as the optimized hierarchy reduced search algorithm (OHRSA)-aided MUD [276] , [277] , have also been proposed for multiuser systems, which are capable of achieving ML performance at a lower complexity. Other MUD techniques, for example those based on the minimum biterror rate (MBER) MUD algorithms [211] , [212] have also been advocated.
A. Multiuser Detection
As far as we are concerned, however, most of the above-mentioned techniques were proposed for the systems, where the number of users L is less than or equal to the number of receivers P, referred to here as the underloaded or fully loaded scenarios, respectively. Nonetheless, in practical applications it is possible that L exceeds P, which is often referred to as a rank-deficient scenario, where we have no control over the number of users roaming in the base station's coverage area. In rankdeficient systems the ðP Â LÞ-dimensional MIMO channel matrix representing the ðP Â LÞ number of channel Jiang and Hanzo: Multiuser MIMO-OFDM for Next-Generation Wireless Systems links becomes singular and, hence, noninvertible, thus rendering the degree of freedom of the detector insufficiently high for detecting the signals of all the transmitters in its vicinity. This will catastrophically degrade the performance of numerous known detection approaches, such as for example the Vertical Bell Labs Layered SpaceTime architecture (V-BLAST) [10] , [120] , [278] detector of [146] , the LS/MMSE algorithms of [1] , [268] and the QR Decomposition combined with the M-algorithm (QRD-M) algorithm of [184] . However, with the aid of the recently proposed GA-aided MUDs [279] - [284] , this problem can be efficiently solved. We will further discuss this issue in Section IV.
B. Channel Estimation
In MIMO OFDM systems accurate channel estimation is required at the receiver for the sake of invoking both coherent demodulation and interference cancellation. Compared to SISO systems, channel estimation in the MIMO scenario becomes more challenging, since a significantly increased number of independent transmitterreceiver channel links have to be estimated simultaneously for each subcarrier. Moreover, the interfering signals of the other transmitter antennas have to be suppressed.
In the literature, a number of blind channel estimation techniques have been proposed for MIMO OFDM systems [103] , [227] , [238] , [261] , [285] , where an attempt is made to avoid the reduction of the effective throughout by dispensing with the transmission of known FD channelsounding pilots. However, most of these approaches suffer from either a slow convergence rate or a performance degradation, owing to the inherent limitations of blind search mechanisms. By contrast, the techniques benefiting from explicit training with the aid of known reference/pilot signals, are typically capable of achieving a better performance at the cost of a reduced effective system throughput. For example, Li et al. [286] proposed an approach of exploiting both transmitter diversity and the delay profile characteristics of typical mobile channels, which was further simplified and enhanced in [142] , [145] , and [287] , respectively. Other schemes employed MMSE [136] , [288] , constrained least-squares (CLS) [209] , iterative LS [143] , [185] , QRD-M [184] , [289] as well as second-order statistics (SOS)-based subspace estimation [168] or techniques based on the received signal's time-of-arrival (TOA) [190] , etc. Some researchers have focused their attention on designing optimum training patterns or structures [142] , [144] , [290] . Furthermore, various joint approaches combining channel estimation with data symbol detection at the receiver were also proposed for CDMA [289] , [291] , SISO OFDM [292] and MIMO OFDM [184] , [293] systems. However, in the context of BLAST or SDMA type multiuser MIMO OFDM systems, all channel estimation techniques found in the literature were developed under the assumption of either the underloaded [143] , [168] , [227] , [238] , [285] , [288] , [294] or the fully loaded [144] , [184] , [190] , [209] , [261] , [293] , [295] scenario mentioned above. Unsurprisingly, in rank-deficient MIMO OFDM systems the task of channel estimation becomes extremely challenging, since the associated significant degradation of the rank-deficient MUD's performance will inevitably result in a further degraded performance of the associated channel estimators, especially in decisiondirected type receivers, which are quite sensitive to error propagation [1] .
IV. GENETIC ALGORITHM ASSISTED MULTIUSER DETECTION FOR MIMO OFDM
In rank-deficient multiuser MIMO OFDM systems, the channel's output phasor constellation often becomes linearly nonseparable, rendering multiuser detection a challenging multidimensional optimization problem. As expected, the higher the number of users to be supported, the more challenging the optimization task becomes, simply due to the exponentially increased number of dimensions to be estimated. While most classic techniques [1] suffer from specific limitations in rank-deficient scenarios, we will demonstrate that the family of GAs, which originates from the evolutionary computing research community, can be efficiently incorporated into MIMO OFDM systems and, hence, constitutes a promising solution to the challenging problems discussed in Section III. Fig. 8 shows an uplink MIMO SDMA-OFDM system model, where each of the L simultaneous mobile users employs a single transmit antenna, while the BS's receiver exploits P antennas. At the kth subcarrier of the nth OFDM symbol received by the P-element receiver antenna array, we have the received complex signal vector x½n; k, which is constituted by the superposition of the independently faded signals associated with the L mobile users and contaminated by the AWGN, expressed as
A. MIMO SDMA-OFDM Model
where the ðP Â 1Þ-dimensional vector x, the ðL Â 1Þ-dimensional vector s and the ðP Â 1Þ-dimensional vector n are the received, transmitted and noise signals, respectively. Here we have omitted the indices ½n; k for each vector for the sake of notational convenience. Specifically, the vectors x, s, and n are given by
where ðÁÞ T denotes transpose. The ðP Â LÞ-dimensional matrix H, which contains the frequency-domain channel transfer functions (FD-CHTFs) of the L users, is given by
where H ðlÞ ðl ¼ 1; Á Á Á ; LÞ is the vector of the FD-CHTFs associated with the transmission paths from the lth user's transmit antenna to each element of the P-element receiver antenna array, which is expressed
In (1)- (6), we assume that the complex signal s ðlÞ transmitted by the lth user has zero-mean and a variance of 2 l . The AWGN signal n p also exhibits a zero-mean and a variance of 2 n . The FD-CHTFs H ðlÞ p of the different receivers or users are independent, stationary, complex Gaussian distributed processes with zero-mean and unit variance [1] .
B. Classic SDMA-OFDM MUDs and Problem Formulation 1) MMSE MUD [1] , [268] : Naturally, the problem formulation and the corresponding objective or cost-function Jiang and Hanzo: Multiuser MIMO-OFDM for Next-Generation Wireless Systems as well as the optimization procedure used has a crucial impact on the attainable performance as well as complexity of the MUD. Initially we will briefly outline the computationally simple MMSE SDMA-OFDM MUD, followed by a number of other classic MUDs. As seen in Fig. 9 , the multiuser signals received by the different array elements are multiplied by an individual complex-valued array-weight w ðlÞ , followed by their summation. The plausible criterion used for array weight adjustment is that of minimizing the difference ðtÞ between the combiner's output signal yðtÞ and a reference signal rðtÞ, which is known to both the transmitter and to the receiver. This signal may be interpreted as a unique userspecific channel-sounding pilot signal employed for example by classic channel equalizers for estimating the CIR. For example the classic steepest descent algorithm my be used for adjusting the array weights on a step-bystep basis for each subcarrier of each user, until the power of the error signal is minimized [1] . Naturally, each user's signal is detected with the aid of a different set of array weights. As expected, the combiner's performance improves upon increasing the number of array elements P and it degrades, when increasing number of users L.
2) SIC MUD [1] , [268] : In SIC-aided SDMA-OFDM MUDs the following operations are carried out for all subcarriers [1] . a) Arrange the detection order of users upon invoking an estimate of the total signal power received by each individual users on the different antenna elements and detect the highest-power user's signal using the above-mentioned MMSE detector, since it is the least contaminated by multiuser interference (MUI). Jiang and Hanzo: Multiuser MIMO-OFDM for Next-Generation Wireless Systems b) Then re-generate the modulated signal of this user from his/her detected date and subtract it from the composite multiuser signal. c) Detect the next user according to the above procedure by means of MMSE combining, until the lowest-power signal is also detected, which has by now been Bdecontaminated[ from the MUI. d) Since the lowest-power user's signal is detected last, a high diversity gain is achieved by the MMSE combiner, which, hence, mitigates not only the the effects of MUI but also that of channel fades. e) It has to be note, however that the SIC MUD is potentially prone to user-power classification errors as well as to interuser error propagation, since in case of detection errors the wrong remodulated signal is deducted from the composite multiuser signal. Hence, this technique is beneficial in near-far scenarios encountered in the absence of accurate power control.
3) PIC MUD [1] , [268] : By contrast, PIC dispenses with user-power classification all together, hence avoiding the above-mentioned potential mis-classification problem. It has benefits in more accurately powercontrolled scenarios. Its philosophy is briefly summarized as follows [1] . a) First detection iteration for all subcarriers: on the basis of the composite received multiuser signal vector x generate an ðlÞ . e) Despite the absence of power-classification errors the PIC technique is also sensitive to interuser error propagation. The above-mentioned PIC MUD steps are also summarized in the schematic of Fig. 10 , where a FD-CHTF predictor is shown at the top right hand corner, which improves the achievable performance, as it will be detailed below. The channel estimation research of the community was summarized in Section III-B and in the light of these state-of-the-art efforts here a powerful decision-directed channel estimator (DDCE) will be characterized as an example of joint MUD and DDCE. Observe in Fig. 10 that initially the a priori FD-CHTF estimate generated with the aid of a relatively low FD pilot overhead of about 5% is employed by all the L users. as exemplified at the top right hand corner of Fig. 10 for user j. This a priori FD-CHTF allows us to carry out a tentative detection for all users.
The stylized vertical boxes in the circle of Fig. 10 indicate that a complexity reduction technique may be used by the FD-CHTF prediction process. Specifically, the FD-CHTF is first transformed to the TD with the aid of the inverse FFT (IFFT), in order to predict a reduced number of K 0 K significant CIR taps, instead of having to predict all the K FD-CHTFs of the subcarriers. The large cross at the right of Fig. 10 indicates that the insignificant CIR taps indeed are obliterated, which allows us to reduce the amount of noise imposed. By contrast, the significant CIR taps are predicted, as portrayed in Fig. 11 and then transformed back to the FD using the FFT. Again, even upon taking into account the complexity of the IFFT and FFT, the DDCE complexity is reduced, when K is high.
Then, all but the jth users' received signals are regenerated by taking into account their specific a priori FD-CHTF estimates and the resultant L À 1 signals are subtracted from the the received composite signal of the L users, which allows the system to reliably detect the Bde-contaminated' signal of user j. Then the full power of DDCE is exploited, which allows us to use all the reliably detected K subcarrier signals as pilot signals, since in the absence of transmission errors all the transmitted subcarrier data is known. Hence, a simple division of the received signals by the detected signals delivers the a posteriori FD-CHTFs, which can now be fed into the predictor of Fig. 11 for future prediction.
In Fig. 12 we focused our attention on the SDMA-OFDM scenario of four simultaneous users, each equipped with one transmit antenna, while at the BS a four-element antenna array is employed. The channel between each transmit-receive antenna pairVcharacterized in terms of its sample-spaced CIRVand the OFDM parameters are fixed to those used by the indoor WATM system of [2] . Two of the above-mentioned detection techniques were invoked, namely the MMSE and the SIC MUD techniques. The corresponding BER resultsV following the initial CIR-tap predictor adaptationVare portrayed in Fig. 12 [1] .
In the context of the BER performance assessment shown in Fig. 12 we observe that with the aid of the imperfect channel estimates produced by the recursive least square (RLS) adaptive PIC-assisted DDCE almost the same performance is achieved, as in case of employing ideal channel knowledge. This is particularly true for the more powerful SIC MUD, which produces relatively reliable symbol decisions and, hence, also a reliable remodulated reference for the RLS-adaptive PIC-assisted DDCE. By contrast, a slight BER degradation is observed, when using the less powerful MMSE detection scheme, particularly for the range of SNRs up to 5 dB. For higher SNRs the BER performance is also almost identical to that when using perfect channel estimates. [1] , [268] : The highest-complexity, highestperformance optimum ML MUD [1] uses an exhaustive search for finding the most likely transmitted signals. More explicitly, for a ML-detection assisted SDMA-OFDM system supporting L simultaneous users, a total of 2 mL metric evaluations has to be invoked, where m denotes the number of bits per symbol (BPS), in order to detect the L-user symbol vectorŝ ML that consists of the most likely transmitted symbols of the L users at a specific subcarrier, given bŷ
4) ML MUD
where the ðP Â 1Þ-dimensional received signal vector x and the ðP Â LÞ-dimensional FD-CHTF matrix H are defined by (2) and (5), respectively. The set M L in (7), which is constituted by 2 mL number of trial vectors, is formulated as 
where M c denotes the set containing the 2 m number of legitimate complex constellation points associated with the specific modulation scheme employed. Explicitly, the number of metric evaluations required for detecting the optimum vector increases exponentially with the number of users L. 5) SD-Aided MUD [296] : Another powerful MUD is constituted by the SD [296] , which is capable of approaching the performance of the ML MUD at a fraction of its complexity by invoking a focussed search in the vicinity of the likely ML solution. The complexity of the MUD is controlled with the aid of the search-sphere's radius. Damen et al. [297] proposed a powerful SD, which was suitable for rank-deficient MIMO MUDs by detecting the signals received from more transmitters than the number of receive antennas and this schemes was also further developed by by Cui and Tellambura [298] . The complex-valued SD (CSD) was contrived by Hochwald and ten Brink [299] and its was revisited again by Damen et al. in [300] as well as by Pham et al. in [301] . Cui and Tellambura contrived CSD-based joint channel estimation and data detection scheme in [302] , while the so-called Multistage Sphere Decoding (MSD) technique was advocated by Cui and Tellambura in [303] . Zhao and Giannakis [304] were capable of reducing the search radius required, which resulted in a reduced complexity.
The radical objective of the rest of this paper is to stimulate further interdisciplinary research for the sake of solving the optimization problem of (7) by Fig. 10 in the context of a scenario of four receiver antennas at the BS and four simultaneous users, each equipped with one transmit antenna; the channel between each transmitter-receiver antenna pair is characterized in terms of its CIR and the OFDM parameters of the indoor WATM channel-and system scenario of [2] the OFDM symbol normalized Doppler frequency was F D ¼ 0.007; furthermore, the number of significant CIR-related taps was K 0 ¼ 12 and the number of subcarriers was K ¼ 512; MMSE-as well as M-SIC ( M ¼ 2) detection was employed at the receiver and both an ideal, error-free reference and an imperfect, error-contaminated reference was invoked in the DDCE; the RLS-specific forgetting factor was set to ¼ RLS ¼ 0. 95. retaining the optimum ML solution with a high probability, despite searching only a fraction of the entire search space. Finding reduced-complexity nearoptimum MUDs is vital in the light of high-throughput QAM modems employing a high number of antennas. In cases of for example 64 QAM transmissions the number of optimization metric evaluations per subcarrier may become excessive, since it increases exponentially according to M L , where M is the number of QAM constellation points. In order to exemplify the optimization problem considered, in Fig. 13 we portray the BER surface of the L ¼ P ¼ 2 SDMA-OFDM system employing 128-subcarriers for transmission over the Short Wireless Asynchronous Transfer Mode (SWATM) CIR given on page 78 of [1] at a SNR value of 10 dB, assuming the optimum value was used for the weight w [56] . Observe that in this scenario the lowest possible BER, which is referred to as the MBER solution has about five orders of magnitude lower BER than the MMSE solution. A powerful direct MBER SDMA-OFDM system was proposed in [212] , where the philosophy was that of commencing the search for example from the MMSE solution and estimating the gradient of the BER surface, which was then used for example by the classic Conjugate Gradient Algorithm (CGA) for finding the MBER point on the surface. Naturally, a whole host of random guided search techniques, such as GAs may also be used for exploring a fraction of the search space without getting trapped in local minima, as suggested in [212] . As a last resort, if the search fails to converge, the MMSE solution may be retained throughout the search.
Owing to space limitations we are unable to explore the entire suite of near-optimum search techniques contrived with the above-mentioned objective and, hence, below we will consider the specific family of GA-aided array weight optimization in the interest of finding the MBER point seen in Fig. 13 .
C. Overview of GA-Aided MUDs
The philosophy of GAs [27] - [31] was first invoked by Holland [27] during the 1960s. Since then, a growing interest in GAs resulted in a rapid development in this area [28] , [305] , [306] . The random guided search based GAs have been shown to perform well in numerous global search and optimization problems, such as machine learning [307] - [309] , adaptive processes modelling [310] , [311] as well as many diverse optimization problems [27] , [28] , [312] which may not be conveniently be solved by using traditional search methods. Currently there are in excess of 12 000 diverse GA-related contributions at IEEE Xplore, which indicates the intense interest of numerous research communities in both the theory and applications of GAs. Our objective is here to stimulate the cross-pollination of these diverse communities.
Specifically, in the context of wireless communications, GA-based multiuser detection has been proposed by Juntti et al. [313] and Wang et al. [314] , where the analysis was based on the AWGN channel in the absence of diversity techniques. The proposal by Ergün and Hacioglu [315] utilized GAs as the first stage of a multistage MUD, in order to provide good initial guesses for the subsequent stages. Its employment in Rayleigh fading channels was considered by Yen et al. in [25] , [316] , and [317] in diverse scenarios, both with and without the aid of diversity techniques, respectively. However, apart from the transceiver research conducted in the context of CDMA systems [25] , [318] - [321] , GAs have not been exploited to their full potential in wireless communication systems until recently, when they were also applied to STBC-aided MUD scenarios [322] , beamforming MIMO detection problems [323] and SDMA-based MIMO OFDM systems [56] , [279] - [284] , [324] . These promising GA-aided applications are summarized at a glance in Table 10 .
The family of GA-based random guided optimization methods is reminiscent of the rules of evolution and to the survival of the fittest Bindividuals[ in nature, where an Bindividual[ in our specific optimization problem is a particular L-dimensional MUD weight vector of the L users. Using GA parlance, these individuals representing the MUD weights will then use the genetic operation of Bmating[ and Bmutation[ for the sake of developing a new set of GA individualsVMUD weightsVfor the next generation in the GA. Specifically, the initial Bpopulation[ represented by the set of individuals would typically contain the MMSE solution, which is routinely retained throughout the entire search for the sake of maintaining an adequate MUD performance even in the low-probability event of poor GA-aided convergence.
D. GA-Assisted MUDs for MIMO SDMA-OFDM
The optimum ML-based decision metric of (7) can be used in GA-aided MUDs designed for the sake of detecting the estimated transmitted symbol vectorŝ GA . In the context of the SDMA-OFDM system employing P receiver antenna elements, the decision metric required for the pth receiver antenna, namely the antenna-specific objective function (OF) [25] can be derived from (7), yielding
where x p is the received symbol at the input of the pth receiver at a specific OFDM subcarrier, while H p is the pth row of the channel transfer function matrix H. Therefore, the decision rule for the optimum MUD associated with the pth antenna is to choose the specific L-symbol vector s, which minimizes the OF given in (9) . Thus, the estimated transmitted symbol vector of the L users based on the knowledge of the received signal at the pth receiver antenna and a specific subcarrier is given bŷ
Since there is a total of P number of receiver antennas, the combined OF can be formulated as [279] , [280] ð sÞ
Hence, the decision rule of the GA-aided MUD is to find the specific estimated transmitted L-symbol vectorŝ GA that minimizes ðsÞ in (11) for every OFDM subcarrier considered. The GAs can be combined with the MMSE MUD for the sake of contriving a more powerful concatenated MMSE-GA MUD [279] , [280] , which is capable of achieving a similar performance to that attained by the optimum ML MUD at a significantly lower computational complexity, especially at high user loads. The schematic of a concatenated MMSE-GA MUD aided multiuser SDMA-OFDM system is given in Fig. 14 
1) Concatenated MMSE-GA MUD:
In the concatenated MMSE-GA MUD [279] , [280] , the GA's optimization process exploits the symbol estimates generated by the MMSE MUD as initial information. More specifically, the MMSE-based estimated signal vectorŝ MMSE 2 C LÂ1 is obtained by linearly combining the signals received by the P different receiver antenna elements with the aid of the MMSE array weight matrix, as follows [1] 
where ðÁÞ H denotes the Hermitian transpose, and W MMSE 2 C PÂL is the MMSE-based weight matrix given by [1]
while I is the identity matrix and 2 n is the AWGN noise variance. When the MMSE-estimated L-user vector s MMSE becomes available, the y ¼ 1 st GA generation can be created, which contains a population of X individuals. The xth ðx ¼ 1; Á Á Á ; XÞ individual is a vector expressed ass i ;
where Y is the maximum generation index. Note that we have the geness ðlÞ ðy;xÞ 2 M c ðl ¼ 1; Á Á Á ; LÞ, implying that a complex-valued symbol representation of the individuals is employed. Commencing with the first generation, the GA's search procedure illustrated in Fig. 15 can be invoked.
More explicitly, the GA-based optimization selects some of the L-symbol candidates from a total of X legitimate individuals in order to create a so-called mating pool of T number of L-symbol individuals [25] , as shown in Fig. 15 . The selection process follows some specific criterion, for example the strategy of Pareto Optimality [28] , [280] . Two individuals in the mating pool are then selected as parents, based on their corresponding fitness values calculated with the aid of (11) according to the socalled fitness-proportionate selection scheme [25] . More precisely, first the fitness value f ðy;xÞ associated with the xth individual of the yth generation is calculated by 
is the maximum objective score (OS) 1 achieved by evaluating the T number of individuals in the mating pool at the yth generation, and c is a small positive constant, which is used for the sake of ensuring the positiveness of f ð y;xÞ . Then the fitness-proportionate selection probability p x of the xth individual can be formulated as
When two L-symbol parents are selected, the so-called cross-over, mutation and elitism operations [25] are invoked for offering a chance of evolving the parents' one or more element symbols to other symbols of the set M c , resulting in two offspring. The above operation is repeated, until a new population consisting of X offspring is created. Furthermore, the so-called incest prevention [25] technique was invoked during the selection process, which only allows different individuals to be selected for the crossover operation. This Bgenetic evolution-like[ process of generating new L-symbol offspring continues over Y consecutive GA generations, while the individual having the highest fitness value will be considered as the detected L-user transmitted symbol vector associated with the specific OFDM subcarrier considered. It is worth pointing out that in the MMSE-GA MUD the different users' signals are jointly detected, which is different from that of the SIC or PIC MUDs, where each user's estimated transmitted signal is inferred by removing the interference imposed by the others. Therefore, there is no error propagation between the different users' signal detections in the MMSE-GA MUD.
2) Example:
As an example, let us consider a MIMO SDMA-OFDM system using the concatenated MMSE-GA MUD. The channel is assumed to be BOFDM-symbolinvariant,[ implying that the taps of the impulse response are assumed to be constant for the duration of one OFDM symbol, but they are faded at the beginning of each OFDM symbol. The simulation results were obtained using a 4 QAM scheme communicating over the threepath SWATM CIR given on page 78 of [1] , assuming that the channels' transfer functions are perfectly known. Each of the paths experienced independent Rayleigh fading having the same normalized Doppler frequencies of f
À5 . The OFDM modem employed K ¼ 512 subcarriers and a cyclic prefix of 64 samples, which was longer than the maximum channel delay spread. The corresponding parameters of the channel are summarized in Table 11 . The FEC scheme was a half-rate iterative Turbo Trellis Coded Modulation (TTCM) scheme [6] using a code memory ¼ 3, while the number of iterations was set to 4. Hence, the total number of trellis states was 2 3 Á 4 Á 2 ¼ 64, since there were two 8-state decoders which were invoked in four iterations. The generator polynomial expressed in octal format for the TTCM scheme considered was [13 6 ], while the codeword length and channel interleaver depth were fixed to 1024 symbols. The various techniques and parameters used in our simulations discussed in this section are summarized in Table 12 . Jiang and Hanzo: Multiuser MIMO-OFDM for Next-Generation Wireless Systems Fig. 16 shows the BER performance of the TTCMassisted MMSE-GA-SDMA-OFDM prototype system, where L ¼ 6 users are supported with the aid of P ¼ 6 receiver antenna elements. The performance of the TTCM-assisted MMSE-detected SDMA-OFDM system, the TTCM-aided optimum ML-detected system, and the uncoded single-user scheme employing either a single receiver or invoking maximum ratio combining (MRC) when communicating over an AWGN channel are also provided for reference, respectively. The numbers in the round brackets seen in the legends of Fig. 16 represent the total complexity, which is quantified as the number of evaluations of the OF formulated in (11) required by the MMSE-GA 2 or ML MUD. Explicitly, it is observed from Fig. 16 that the BER performance of the TTCM-assisted MMSE-SDMA-OFDM system was significantly improved with the aid of the GA having a sufficiently large GA population size X and/or a larger number of GA generations Y, approaching the optimum ML-aided performance. This improvement was achieved, since a larger population may contain a higher variety of L-symbol individuals, and similarly, a larger number of generations implies that again, a more diverse set of individuals may be evaluated, thus extending the GA's search space, which may be expected to increase the chance of finding a lower-BER solution.
Moreover, it can be seen in Fig. 16 that the nearoptimum performance of the GA-aided TTCM-SDMA-OFDM system was achieved at a significantly lower computational complexity of 400 OF evaluations than that imposed by the ML-aided system, which is 4096 OF evaluations. As a further investigation, in Fig. 17 we MMSE-GA-SDMA-OFDM system employing a 4 QAM scheme for transmission over the SWATM channel, where L ¼ 6 users are supported with the aid of P ¼ 6 receiver antenna elements. The basic simulation parameters are given in Table 12 . The complexity of the simple MMSE MUD has been ignored, since it is used for providing a single initial solution for the GA's initial population and imposes a significantly lower complexity than that of its concatenated GA-aided counterpart. compare both the ML-and the GA-aided schemes in terms of their complexity, i.e., the number of OF computations. At a specific user load, we always select an appropriate GA-aided scheme for comparison, which suffers from less than 1 dB E b =N 0 loss at the BER of 10 À5 compared to the ML-aided system. As shown in Fig. 17 , the ML-aided system imposes an exponentially increasing complexity on the order of Oð2 mL Þ, when the number of users increases, while the complexity of the GA-aided system required for maintaining a near-optimum performance increases only slowly.
E. Enhanced GA MUDs
In order to further improve the achievable performance of MIMO SDMA-OFDM systems, the enhanced GA-based MUDs of [281] , [282] can be employed, which improve the detector's performance by each or both of the following two aspects.
Optimizing the GA mutation operator for the sake of finding a better configuration that may improve the GA's performance in the context of the SDMA-OFDM system. Invoking an iterative detection framework so that the system's performance may be improved iteration by iteration.
1) Improved Mutation Scheme:
In the context of GAassisted multiuser SDMA-OFDM systems, when the number of users L increases or a high-throughput modulation scheme is used, the total search space consisting of 2 mL number of L-user symbol vectors would become excessive. In such cases, the role of mutation may become vital for the success of the overall system, since the GA may get trapped in local optima without appropriate assistance of the mutation scheme.
In conventional GAs [25] , [279] , [280] , [316] , [317] , the so-called uniform mutation (UM) [29] technique is widely used. To elaborate a little further, let us assume a multiuser SDMA-OFDM system employs the 4 QAM signal constellation shown in Fig. 18 . Recall furthermore that each of the L genes of a GA individual is represented by a legitimate symbol in M c . During the genetic evolution, when a gene is subjected to mutation, it will be substituted by a different symbol in M c based on a uniform mutation-induced transition probability p ðijÞ mt , 3 which quantifies the probability of the ith legitimate symbol becoming the jth. For the sake of brevity, from now on we refer to this probability as the transition probability. Conventionally, the UM operator mutates a gene to another legitimate symbol according to a uniformly distributed p ðijÞ mt value, which depends on the specific modem employed. For example, for the 4 QAM modem of Fig. 18 , we will have 4 p ðijÞ mt ¼ 1=ð4 À 1Þ ¼ 1=3. However, this fixed uniform transition probability fails to reflect the realistic channel conditions that the system is subjected to. More specifically, when considering a specific received symbol, the adjacent constellation symbols are more likely to be the transmitted symbol, than the more distant ones. Hence, it may be more reasonable to consider only the neighboring symbols as the potential mutation candidates, and assign a modified biased transition probability, which is dependent on both the Euclidean distance from the original symbol and on the SNR. In other words, the GA's search space may be substantially reduced with the aid of a biased mutation, which pays less attention to the constellation points that are far from the received symbol, and thus increasing the GA's efficiency.
By contrast, the novel mutation scheme of [281] , [282] provides an simple and efficient solution, which is referred to as biased Q-function-based mutation (BQM). According to BQM, for an original gene to be mutated, a SNR-related biased transition probability p 
For the sake of easy explanation, let us first consider a simple 1-D scenario. In Fig. 19 we plotted the 1-D real component of the constellation symbolsŝ ðlÞ i in the context of the 4 QAM modem constellation. The horizontal axis is then divided into two zones, each of which represents one specific 1-D constellation symbol s Ri ði ¼ 1; . . . ; 2Þ, as separated by the vertical dashed line of Fig. 19 . If s R1 is the original gene to be mutated, the Note that the mutation probability p m of Table 12 is different from the probability p mt (ij) of mutating to a specific symbol in M c . The former denotes the probability of how likely it is that a gene will mutate, while the latter specifies, how likely it is that a specific symbol in M c becomes the mutated gene.
Gaussian distribution Nð0; Þ may be centered at the position of s R1 , where is the noise variance at a given SNR level. In this specific example, s R2 is the only mutation target and the 1-D transition probability of mutating from s R1 to s R2 , i.e., p ð12Þ mt , is characterized by the shadow area shown in Fig. 19 , which is given by
where d 0 is half of the distance between the neighboring constellation symbols. Similarly, we have p ð21Þ mt ¼ Qðd 0 =Þ. Furthermore, we also have a certain probability for the original gene to remain unchanged, which can also be expressed as p In order to remove the effect of the probability of mutating a symbol to itself, the 2-D transition probability p ðijÞ mt ði 6 ¼ jÞ should be normalized with p ðiiÞ mt by following the principles of conditional probability theory [329] .
Note that the BQM scheme can be effectively simplified, when only a subset of all the theoretically possible mutation target symbols are considered [281] , [282] . This is especially beneficial for systems employing high-order modems consisting of a large number of legitimate symbols. Furthermore, it is pointed out that the BQM scheme only requires a modest Bonce-for-all[ calculation, since the associated transition probabilities can be derived by offline precomputation for typical SNR levels, which can then be stored in the BS's memory for reuse [281] , [282] .
2) GA-Aided Hybrid Iterative Detection: The performance of the multiuser SDMA-OFDM system employing the BQM-aided GA MUD can be further improved, when an enhanced iterative detection architecture is utilized [281] , [282] , which is referred to as the MMSE-initialized Iterative GA (IGA) MUD. The concept of the MMSE-IGA MUD is illustrated in Fig. 21 , where TTCM is employed as the embedded FEC decoder. More specifically, the received length-P symbol vector x of (2) is first detected by the MMSE MUD, which outputs the L MMSE-detected symbolsŝ ðlÞ MMSE ðl ¼ 1; . . . ; LÞ of the L users, and forwards them to L number of independent TTCM decoders. The TTCM-decoded L-symbol vector, which is more reliable than the MMSE MUD's output, is then fed into the concatenated GA MUD for assisting the creation of the initial population. Then the genetically enhanced output symbol vectorŝ GA , which may be expected to become more reliable, will be fed back to the TTCM decoders in order to further improve the signal's quality, invoking a number of iterations. Following the last iteration, the final GA solution will be decoded by the TTCM decoders, and the hard-decision version of the estimated information bits of the L independent users is forwarded to the output, which is only enabled at the final iteration by the switch seen in Fig. 21 .
Therefore, two improvements have been achieved by the MMSE-IGA MUD. Firstly, a more accurate initial knowledge of the transmitted signals, namely the output of the TTCM decoders rather than that of the MMSE MUD, is supplied for the GA MUD. This reliable improvement, therefore, offers a better starting point for the GA's search. Secondly, the iterative processing ensures that the detected L-user symbol vector can be optimized in two dimensions. During every iteration, on one hand, each Lsymbol vector at a specified subcarrier slot is optimized by the GA in the context of the user domain. On the other hand, the entire TTCM-coded frame of each user is optimized by the TTCM decoder in the context of the TTCM-related codeword domain, or more specifically the FD. Therefore, as the iterative processing continues, an information exchange takes place between the two domains and, thus, an improved system performance may be expected.
3) Example: Let us consider our prototype system of Section IV-D2, again, but this time with the employment of the BQM technique and the MMSE-IGA MUD [281] , [282] . Note that for the sake of fairness, we halved the number of TTCM decoding iterations for the IGA-aided scheme, so that the total TTCM-related complexity remains approximately the same as in the noniterative system. The other parameters used for generating the simulation results in this section were the same as those specified in Table 12 . Fig. 22 shows the BER performance achieved by the various configurations considered. The numbers in the round brackets seen in the legends of Fig. 22 denote the associated number of IGA MUD iterations and the total GA or ML complexity, respectively. It is observed from Fig. 22 that firstly, an improved performance can be achieved, when the GA commences its operation from a better initial population by exploiting the TTCM decoders' outputs, rather than by directly exploiting the MMSE-detected estimates, regardless of the different mutation schemes used. For example, at the same GA complexity of 100 OF evaluations, the singleiteration IGA MUD assisted systems outperformed their noniterative GA aided counterparts. Secondly, the BQMaided systems achieved a better performance than the UM-aided schemes, since BQM is more efficient in guiding the GA towards the optimum solution, as seen in Fig. 22 . More explicitly, the system employing the BQMaided two-iteration IGA MUD was capable of achieving a virtually indistinguishable performance from that of the optimum ML-aided system.
When a high-throughput modem such as for example 16 QAM is employed, BQM may significantly outperform UM, as evidenced in Fig. 23 , where six users were or noniterative TTCM-assisted MMSE-GA-SDMA-OFDM system using UM or BQM, while employing a 4 QAM scheme for transmission over the SWATM channel, where L ¼ 6 users are supported with the aid of P ¼ 6 receiver antenna elements, respectively. supported. 5 As seen in Fig. 23 , even when the IGA was employed, the UM-aided scheme yielded a high residual error floor due to the less efficient mutation strategy. By contrast, BQM significantly improved the GA's performance by lowering the error floor by about two orders of magnitude. Furthermore, when the number of IGA MUD iterations was increased, the performance of the BQMaided system can be dramatically improved, while the UMaided scheme still suffered from an error floor. This suggests that the BQM-aided scheme is capable of substantially benefitting from both a more meritorious initial GA population and from a higher number of IGA MUD iterations.
Recall that in Section III-A we pointed out that most of the existing detection techniques found in the open literature have not considered the so-called rank-deficient scenarios, where the number of users exceeds the number of the receiver antennas. For example, it is seen in Fig. 24 that the linear MMSE MUD suffered from a significant performance degradation, when the number of receiver antennas was fixed to P ¼ 6 and the number of users increased from L ¼ 6 to L ¼ 8, as a result of an insufficient degree of freedom for separating the different users in the rank-deficient scenarios. However, in such cases the BQMaided MMSE-IGA MUD [281] , [282] was still capable of maintaining a near-ML performance. For instance, when we had L ¼ 8, the two-iteration based BQM-IGA MUD reduced the BER measured at 3 dB by four orders of magnitude in comparison to the MMSE-aided benchmark system, as evidenced by Fig. 24 . This result characterizes the robustness of the BQM-IGA MUD, which has successfully suppressed the high MUI experienced in rank-deficient scenarios.
As an investigation on the GA's convergence characteristics, in Fig. 25 the performance of the 8 Â 6 rankdeficient TTCM-aided MMSE-BQM-IGA-SDMA-OFDM system is illustrated, while using two IGA MUD iterations at a fixed E b =N 0 value of 2 dB. More specifically, at the lefthand side of Fig. 25 the population size X was varied with the number of generations fixed at Y ¼ 5, while at the right-hand side of Fig. 25 the effect of a different number of generations Y was evaluated at a fixed population size of X ¼ 20. Explicitly, as X or Y increases, a consistently reduced BER is observed, which approaches the optimum ML performance. Furthermore, we show in Fig. 26 the corresponding probability distribution function (PDF) curves of the IGA-aided system's BER performance using a similar configuration as that associated with Fig. 25 , except that the population size was fixed at X ¼ 40. Each of the five PDFs was plotted based on the statistical distribution of the BER results generated by 300 independent simulation runs. As shown in Fig. 26 , the peak of the PDF curve, which indicates the IGA-aided system's most likely attainable BER performance, is Bshifted[ closer to the average ML performance represented by the vertical dashed line seen at the left side of the figure, as the number of generations Y increases. This fact demonstrates that the performance of the IGA MUD will converge to the 5 Note that in this case the associated complexity of the ML-aided scheme is as high as on the order of O(2 mL ) = O(2 4 6 ) = O(16 777 216), which imposes an excessive complexity and, hence, cannot be simulated. optimum one in rank-deficient scenarios, provided that a sufficiently high value of Y is used. We also point out that in underloaded or fully loaded scenarios, a similar convergence having the same trend is expected.
In order to characterize the advantage of the BQM-IGA scheme in terms of the performance-versus-complexity tradeoff, in Table 13 we summarize the computational complexity imposed by the different MUDs assuming an E b =N 0 value of 3 dB, where the associated complexity was quantified in terms of the number of complex additions and multiplications imposed by the different MUDs on a per user basis. As observed in Table 13 , the complexity of the ML MUD is significantly higher than that of the MMSE MUD or the IGA MUD, especially in highly rank-deficient scenarios. By contrast, the IGA MUD reduced the BER by up to five orders of magnitude in comparison to the MMSE MUD at a moderate complexity.
V. GA-BASED DETECTION PROVIDING SOFT OUTPUTS
GAs have demonstrated their power in both multiuser CDMA [25] , [315] , [316] , [330] , [331] and multiuser SDMA-OFDM [279] - [282] systems. However, all GAbased detection schemes found in the open literature were only capable of providing a hard-decision output for the channel decoder, which inevitably limits the system's achievable performance, until the recent emergence of the Bsoft[ GAs [283] , [284] . The GAs of [283] , [284] benefit from their so-called population-based soft solutions and, hence, they are capable of outperforming their counterparts based on hard-decision outputs, while achieving a similar performance to that attained by soft-decision assisted optimum ML detection, especially in rankdeficient scenarios.
A. Generating Soft Outputs
In order to generate the soft information, the soft-bit value or log-likelihood ratio (LLR) associated with each bit of each user's transmitted symbol at each OFDM subcarrier has to be calculated. This can be achieved by evaluating the GA's OF [283] , [284] . More explicitly, in order to calculate the LLR of the ðm B Þth bit of the l ðl ¼ 1; Á Á Á ; LÞth user at the specific subcarrier considered, the X number of individuals in the GA's final generation are divided into two groups, where the first (or second) group is constituted by those individuals that have a value of one (or zero) at the ðm B Þth bit of the lth user's estimated transmitted symbol. The resultant lowest OS calculated in each of the two groups is then compared to the average variance of the OSs denoted as !, and the smaller of the two will be used for calculating the corresponding LLR, which can, therefore, assist the channel decoder in improving the system's performance. Furthermore, the GA generating the above-mentioned populationbased soft outputs only imposes a modest complexity increase in comparison to the conventional hard-decision aided individual-based GAs [25] , [279] - [282] , [315] - [317] , [330] , [331] . This is because the only additional operation required by the proposed scheme is to compare ! to the OSs, which are already available, since the results of the OF evaluation carried out by the conventional GAs can be readily used.
B. Example
We consider a turbo convolutional (TC)-coded SDMassisted MIMO OFDM using soft GAs of [283] , [284] . The soft GA's basic parameters were the same as those specified in Table 12 , except that the mutation scheme was fixed to BQM, while the population size and the number of generations were fixed to X ¼ 500 and Y ¼ 5, respectively. The specific TC code configuration and the parameters of the 8-path dispersive fading channel model of [332] used in the simulations are summarized in Table 14 . Channel estimation was assumed to be perfect. Fig. 27 characterizes the BER performance of the half-rate TC-aided QPSK GA-SDM-OFDM system employing both the conventional individual-based harddecoded GAs [25] , [279] - [282] , [315] - [317] , [330] , and the GA using population-based soft information [283] , [284] , respectively. For the sake of benchmarking, the BER performances of the systems using hard-decoded and/or soft-information aided MMSE and/or ML detection are also provided. We had m t ¼ 8 transmit antennas and n r ¼ 6 receiver antennas for all schemes, implying a rank-deficient scenario having an effective throughput of ð2 Á 8 Á ð1=2ÞÞ ¼ 8 BPS. As observed in Fig. 27 , the MMSE-detected system suffered from a high error floor owing to the singular channel matrix associated with the rank-deficient scenario, while the system aided by the GA providing soft-outputs was capable of attaining an indistinguishable performance from that of the optimum soft-ML detected arrangement in the same scenario. Explicitly, an E b =N 0 gain of about 2 dB was achieved by the GA using population-based soft outputs over its counterpart using the individual-based hard-decoded outputs.
VI. GA-AIDED JOINT CHANNEL ESTIMATION AND MULTIUSER DETECTION
Apart from efficient multiuser detection, GAs can also be employed for channel estimation in wireless communications. More specifically, Yen and Hanzo [317] proposed a GA-aided multiuser CDMA single-antenna receiver, which jointly estimates the transmitted symbols and fading channel coefficients of all the users. A blind ML Table 14 Basic Simulation Parameters Used in Section V-B Jiang and Hanzo: Multiuser MIMO-OFDM for Next-Generation Wireless Systems equalization scheme based on concatenated channel and data estimation employing a micro genetic algorithm ðGAÞ and the Viterbi algorithm (VA) was proposed in [333] . In [334] and [335] , GA-based approaches were used for finding optimum training sequences for channel estimation in OFDM systems. However, as we have pointed out in Section III-B, in the open literature no channel estimation technique was proposed for rankdeficient BLAST or SDMA type multiuser MIMO OFDM systems until recently, when a new GA-assisted iterative joint channel estimation and multiuser detection (GA-JCEMUD) approach [56] , [324] emerged. In addition to the multiuser data symbols, the GA-JCEMUD technique of [56] , [324] also incorporates the FD-CHTFs to be estimated for the MIMO-aided multiuser channel links into the overall genetic optimization process. Compared with the GA-aided pure MUDs [279] - [284] , the GA-JCEMUD does not result in an increase in computational complexity, since the latter exploits the same OF, namely that of (11) as the formers.
As an example of illustrating the performance of the GA-JCEMUD technique [56] , [324] , a visual comparison of the true and estimated FD-CHTFs of a two-path Rayleigh fading channel is portrayed in Fig. 28 , where a pilot overhead of ¼ 5:0%, an OFDM-symbol normalized Doppler frequency of F D ¼ 0:003, and a L Â P ¼ 4 Â 2 rank-deficient scenario were assumed. More specifically, the L ¼ 4 users' FD-CHTFs associated with a specific receiver antenna element during a block of 40 consecutive OFDM symbols are plotted at a SNR value of 20 dB. Each dot of the curves plotted in Fig. 28 represents a complexvalued FD-CHTF value at a specific subcarrier. By observing the perfect channel-knowledge based illustration at the top of Fig. 28 , we can see that the FD-CHTF at each subcarrier evolves over the duration of the 40 OFDM symbols, where the thickness of the ring-shaped formations indicates the amount of FD-CHTF change during this time interval. The full perimeter of the ring is constituted by the K ¼ 64 spoke-like formations corresponding to the 64 OFDM subcarriers. Explicitly, the radii of the FD-CHTF rings associated with the four user-receiver channel links are significantly different. This is because each individual link is subjected to independent fading, and although the Doppler frequency encountered at the four links was assumed to be identical, their short-term envelope fluctuation observed over the 40 OFDM symbol durations is different. However, by comparing the subfigures at the top and bottom of Fig. 28 , we can see that the FD-CHTF estimates closely match their true values, resulting in a similar FD-CHTF contour for each of the four channel links. This implies that the proposed GA-JCEMUD [56] , [324] is capable of simultaneously capturing the fading envelope changes of each individual user-receiver link. Since an equally good performance was attained over all the userreceiver links, this fact demonstrates the global robustness of this approach in rank-deficient MIMO scenarios.
VII. SUMMARY AND CONCLUSION
A. Summary of Paper
The combination of MIMOs and OFDM has emerged as a promising solution for future high-rate wireless communication systems. Our discourse commenced with a historical review of the 40-year OFDM literature in Section II. More specifically, the milestones in the history of OFDM were presented in Section II-A, where the key events and contributions across several decades were summarized in Tables 2-4 . Furthermore, in Section II-B1 an overview of the advances in MIMO techniques was provided, followed by the introduction of combined MIMO OFDM systems in Section II-B2, where the associated contributions found in the literature were outlined in Tables 5-7 . Moreover, in Section II-B3 we highlighted a subclass of MIMO arrangements, namely the SDMA-based techniques, summarizing the associated historical contributions in Tables 8 and 9 .
Based on the state-of-the-art review of Section II, in Section III we further discussed the specific limitations of existing techniques designed for multiuser MIMO OFDM systems. More specifically, in Section III-A and Section III-B we focussed on the detection techniques and the channel estimation approaches, respectively. Explicitly, we pointed out that in the open literature there was a paucity of information on multiuser MIMO OFDM detectors, which are capable of supporting a higher number of users than the number of receiver antennas.
Recall that in such rank-deficient scenarios a particular challenge is imposed by the insufficient degree of freedom owing to having a singular channel matrix. These challenging difficulties, however, may be overcome with the advent of the advocated GA-assisted hybrid techniques. Originating from the evolutionary computing research community, GAs have shown their compelling power in many computationally demanding applications [27] - [31] . Furthermore, they can also be applied to MIMO OFDM systems, resulting in attractive and efficient solutions to the above-mentioned problems.
Firstly, the GA MUDs [279] - [282] introduced in Section IV have exhibited an excellent performance versus complexity tradeoff by providing a similar performance to that attained by the optimum ML MUD at a significantly lower computational complexity, especially at high user loads. Moreover, the combined employment of BQM and the channel decoder aided iterative detection framework [281] , [282] is capable of further enhancing the GA MUD's achievable performance. For example, in the low-throughput fully loaded six-user 4 QAM MIMO SDMA-OFDM system of Fig. 22 , a twoiteration BQM-IGA MUD associated with a population size of X ¼ 20 and Y ¼ 5 generations was capable of achieving the same performance as the optimum MLaided system at a complexity of 200 OF evaluations, which is only about 5% of the MUD-related complexity imposed by the optimum ML MUD. On the other hand, in high-throughput six-user systems employing for example a 16 QAM modem, a two-iteration BQM-IGA MUD associated with X ¼ 40 and Y ¼ 5 achieved an E b =N 0 gain of about 7 dB over the MMSE MUD benchmarker at the BER of 10 À5 , as observed in Fig. 23 . Furthermore, the associated E b =N 0 gain was attained at a modest complexity of 400 OF evaluations, which is only 0.00238% of the excessive complexity imposed by the ML MUD that cannot be simulated in this case. In addition, the BQM-IGA MUD is capable of providing a near-optimum performance even in the so-called rankdeficient scenarios, while many conventional detection techniques suffer from an excessively high error floor. In the example of Fig. 24 , where we had L ¼ 8 users and P ¼ 6 receivers, the two-iteration based BQM-IGA MUD reduced the BER recorded at an E b =N 0 value of 3 dB by four orders of magnitude in comparison to the classic MMSE MUD aided benchmarker system. The BER PDF curves in Fig. 26 also demonstrated the GA's robust convergence in terms of MUI suppression. Fig. 17 and Table 13 further illustrated the performance versus complexity benefits of the GA-based MUDs.
With the aid of the GAs' population-based soft outputs [283] , [284] introduced in Section V, the performance of the channel coded MIMO OFDM systems using conventional hard-decision aided individual-based GAs [25] , [279] - [282] , [315] - [317] , [330] , [331] can be improved at the cost of a modest complexity increase. For example, in the TC-coded rank-deficient SDM-OFDM system characterized in Fig. 27 , it was shown that the performance of the currently known GA-assisted systems can be improved by about 2 dB with the aid of the GA's soft solution, approaching the optimum performance of the soft-information assisted ML detector.
Finally, in Section VI we reviewed the GA-assisted iterative joint channel estimation and symbol detection approach of [56] , [324] , which provides an efficient solution to the challenging channel estimation problem in rank-deficient multiuser MIMO OFDM systems. Benefitting from its inherent genetically guided optimization, the GA-JCEMUD of Section VI exhibits a robust performance even in rank-deficient scenarios, as exemplified in Fig. 28 .
B. Future Research
Based on the solutions discussed throughout this paper, we demonstrated a number of significant benefits brought about by the GAs for wireless communications. It is worth pointing out that the proposed GAs may be further improved in various ways. For example, the value of the mutation probability can be adapted according to the number of users and/or the GA's generation index. Furthermore, the GA's population-based soft output [283] , [284] can be improved, if the OSs of all meritorious individuals are stored throughout all generations, which may be used for improving the reliability of the GA's soft output. Additionally, the GA individual's symbol chromosome, which consists of the multiple users' hard-decoded symbol estimates, may also be represented by the soft bit estimates, enabling the GA to benefit from the soft information provided by the channel decoders during the external iterative processing. This is expected to improve the performance of the iterative GAs, such as those used in the IGA MUD of [281] , [282] and in the GA-JCEMUD of [56] , [324] . Moreover, the joint channel estimation and symbol detection approach of [56] , [324] can also be further enhanced by introducing a soft-input soft-output mechanism. More specifically, not only the GA-optimized FD-CHTF estimates, but also the GA-optimized symbol estimates can be forwarded to the first-stage MUD for assisting in the initial symbol detection invoked in the next iteration.
Generally speaking, GAs belong to the family of evolutionary algorithms (EAs) [336] , [337] , which invokes the principles of natural evolution. With the aid of the recent advances in artificial intelligence (AI), a range of other problem-solving methods have also emerged. One of these techniques is constituted by the family of neural networks (NNs) [338] , [339] , which is based on the models that mimick the operation of how biological neurons are connected in the human brain. Specifically, NNs are also applicable to the field of multiuser detection. For example, the so-called radial basis function (RBF) [340] - [342] based NNs have been proposed for multiuser detection in CDMA type systems [343] - [345] . However, hardly any research has been conducted in the context of RBF-assisted multiuser OFDM systems [346] . Explicitly, exploiting RBF with or without the aid of EAs/GAs for employment in OFDM, MIMO-OFDM, and SDMA-OFDM systems constitutes a promising novel research area.
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